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ON PROPERTIES OF MULTIPLICATION AND COMPOSITION 
OPERATORS BETWEEN ORLICZ SPACES 

Y. ESTAREMI, S. MAGHSODI AND I. RAHMANI 


Abstract. In this paper, we study bounded and closed range multiplication 
and composition operators between two different Orlicz spaces. 


1. Preliminaries and Introduction 

The continuous convex function $ : R —> R is called a Young function whenever 

(1) <h(x) = 0 if and only if x = 0. 

(2) $(x) = $(—x). 

(3) lim^oo = oo, lim^^oo $(x) = oo. 

With each Young function <f> one can associate another convex function : K —> K + 
having similar properties, which is defined by 

'l'(y) = sup{x|y| — <f>(x) : x > 0}, y G R. 

Then d 1 is called the complementary Young function of $. A Young function $ is 
said to satisfy the A 2 condition (globally) if $(2x) < fc<I>(x), x > Xo > 0 (xo = 0) 
for some constant k > 0. Also, $ is said to satisfy the A'(v') condition, if 3c > 0 
(b > 0) such that 

$(xy) < c$(x)<h(?/), x,y>x 0 > 0 
($(bxy) > $(x)$(y), x, y > y 0 > 0). 

If xq = 0(yo = 0), then these conditions are said to hold globally. If $ £ A', then 
$ G A 2 . 

Let $ 1 , $ 2 be two Young functions, then is stronger than $ 2 , <!>! >- <h 2 [or 
$2 -< d>i] in symbols, if 

d> 2 (x) < d>i(ax), x > Xo > 0 

for some a > 0 and Xo, if xo = 0 then this condition is said to hold globally. 
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Let (X, E,/x) be a u-finite complete measure space and L°(E) be the linear 
space of all equivalence classes of E-measurable functions on X , that is, we identify 
any two functions that are equal /i-almost everywhere on X. The support of a 
measurable function / is defined as S(f) = {x £ X;f(x) / 0}. Let $ is a Young 
function, then the set of E—measurable functions 

L*(E) = {/ e L°(E) : 3k > 0, f $(jfe/)d/x < oo} 

Jn 

is a Banach space, with respect to the norm ||/||$ = inf{fc > 0 : f Q <l>( j:)d/i < 1}. 
(L $ (E), ||.||$) is called an Orlicz space |7J. 

For a measurable function u £ L°(E), the rule taking u to u.f , is a linear 
transformation on L°(E) and we denote this transformation by M u . In the case 
that M u is continuous, it is called multiplication operator induced by u. 

Let T : X — > X be a measurable transformation, that is, T _1 (A) £ E for any A £ 
E. If n(T~ 1 (A)) = 0 for all A £ E with /i(A) = 0, then T is said to be nonsingular. 
This condition means that the measure /roT -1 , defined by ^j,oT~ 1 (A) = ^,(T^ l {A)) 
for A £ E, is absolutely continuous with respect to the fi (it is usually denoted 
/roT” 1 <C n). The Radon-Nikodym theorem ensures the existence of a nonnegative 
locally integrable function / 0 on X such that, /x o T~ 1 (A) = f 4 fod/x, A £ E. Any 
nonsingular measurable transformation T induces a linear operator (composition 
operator) Ct from L°(E) into itself defined by 

C T {f)(t) = -,t£X, f£L°{ E). 

Here the non-singularity of T guarantees that the operator Ct is well defined as a 
mapping from L°( E) into itself. 

The composition and multiplication operators received considerable attention 
over the past several decades especially on some measurable function spaces such 
as L p -spaces, Bergman spaces and a few ones on Orlicz spaces, such that these 
operators played an important role in the study of operators on Hilbert spaces. The 
multiplication and weighted composition operators are studied on Orlicz spaces in 
Hug. Also, some results on boundedness of composition operators on Orlicz spaces, 
are obtained in Q] [5] (see also [B]). In this paper we investigate composition and 
multiplication operators on Orlicz spaces by considering closed range, Fredholm 
and invertible ones. 

2. Bounded multiplication and composition operators 

In this section first we recall that an E-atom of the measure /j is an element 
A £ E with n{A) > 0 such that for each F £ E, if F C A, then either /j,(F) = 0 
or n(F) = fx(A). A measure space (X, E,/x) with no atoms is called a non-atomic 
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measure space [lOl . It is well-known fact that every cr-finite measure space (A', E, / 1 ) 
can be partitioned uniquely as X = (U, ig N U where {A„} ne N is a countable 
collection of pairwise disjoint E-atoms and B , being disjoint from each A n , is non- 
atomic. Also, in a cr-finite measure space all atoms have finite measure |10l . Here 
we recall a fundamental Lemma that is easy to prove. 


Lemma 2.1. Let <1^, i = 1,2,3, be Young’s functions for which 
®3{xy) < $i(x) + $ 2 ( 2 /), x,y> 0 , 

If fi £ E), i = 1,2, where (AT, E,/z) is a measure space, then 

ll/i/alk <2||/i|k||/2||* a . 

Here we give some necessary and sufficient conditions under which the multipli¬ 
cation operator M u is bounded between different Orlicz space. 

Theorem 2.2. Let $1 and $2 be Young’s functions such that <f>i,<I >2 £ A 2 and 
H> 2 (xy) < H>i(cc) + < 1 * 3 (j/), x > 0, for some Young’s function $ 3 . If u £ L $3 (E), 
then u induces a bounded multiplication operator M u from L $1 (E) into L $2 (E). 

Proof. Suppose that u £ L $3 (E). Then by using Lemma [2TT1 for every / £ L $1 (E) 
we get; 

II-^u/||l®2(£) = II m -/IIl*2(e) 

< 211 ^ 11 ^ 3 ( 2 ) 11 / 11 ^*!^. 

Hence M u is a bounded multiplication operator from L $1 (E) into L <t ’ 2 (E), and 

l|M u || < 211^11^*3(2). 

□ 


Theorem 2.3. If M u is bounded from L $1 (S) into L $2 (E) and $1 £ A'. If $3 = 
v^oU// 1 * s a Young’s function, then u £ where vEl ’s are the complementary 

Young's functions of <fq for i = 1, 2, 3. 


Proof. Suppose that M u is bounded. Hence the adjoint operator (M u )* : L ^ 2 —> 
L ^ 1 is also bounded. Since $1 £ A', then H/i £ V' and so there exists b > 0 such 
that for every / £ L® 3 ( E) we have 'frf 1 (f) £ L' S/ 2 (E) and so 


^1 (u)fdp= f ' 1 1 (f))dn 

J x 


IX 

< b f 

Jx 

= b [ #i(AC($r 1 (/))^< 00. 
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This means that 'l'i(it) £ L’ I ' 3 (S). In other words, u £ L' 1 ' 30 ' 1 ' 1 (£). □ 


For the underlying non-atomic measure spaces we have an important assertion 
as follows, that states there is not any bounded multiplication and composition 
operator from L $1 (£) to L $2 (£) when $2 ft <3>i. 


Proposition 2.4. Let <I >2 ft 4>i and (X, £,/x) be a non-atomic measure space, then 
there is no non-zero bounded operator M Ut T = M u Ct from L <1>1 (£) to L‘ I>2 (£). 


Proof. Suppose on the contrary, let M u t be a non-zero bounded liner operator. 
Let 


E n = {x £ X : |u(x)| > -} P|{a; £ X : |/ 0 (cc)| > -}. 

n 1 1 n 


Then {-E^j-neN is an increasing sequence of measurable sets. Since M Ui t is non-zero, 
then y(E n ) > 0 for some n £ N. Suppose F C E = U n E n with y(F) < 00 . Since 
$2 ft $ 1 , then there exists a sequence of positive numbers {y n } such that y n f 00 
and $2 (y n ) > 3>i(2 n n 3 y n ). Since y is non-atomic, we can find a disjoint sequence 
{F„} of measurable subsets of F such that F n C E„ and y{F n ) = Let 

OO 

/ = Y^ b n XF n , where b n = n 2 y n , then for no > a we have 

n =1 


A OO A 

/ $i(q/)d/x = y ^ / $1 (ab n )xF 7 
Jx „_i Jx 


n —1 ' 
no 


= ®i( a -bn)y{F n ) + Y $1 (a.b n )y(F n ) 

n =1 n>no 

no 


= ’^2$ 1 (a.b n )y(F n ) + Y 


n=1 
no 


n>no 


4»i(a.& w )^i(yi) 

2 n cj)i(n 3 y n ) 


< Y $1 {a.b n )y{F n ) + y(F) Y 


n=l 


n>no 


d»i(7r 3 yn)0i(fo) 
2™</>i ( n 3 y n ) 


< 00 . 
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This implies that / £ L $1 (E). But for mo > 0 for which ^ < a, we have 
$ 2 (aM u>T f)dfj,= ( f 0 (x)$ 2 (au.f)dp 


ix 


ix 


> y1 / fo(x)$ 2 (au.b n )dp 

n>m o F-n 

~ Y f 

J F n n n 

n>m o 

> X I -$2 {y n )dn 

n>mJ F » H 

> V -$r(2 n n 3 y n )p(F n ) 

“ n 

n>m 0 

> d { p ) y -$2(2/1)=00. 

n 

n>no 


Which contradicts boundedness of M u ,t- 

Lemma 2.5. Let <&i, i = 1,2,3, be Young’s functions for which 
& 2 {xy) < $ 1 ( 2 ;) + $ 3 ( 2 /), x,y>0, 


□ 


then $1 -ft $ 2 - 

Proof. It is easy to get that $^ 1 (a :)$3 1 (cc) < &f 1 (2x) < 2$^" 1 (a;), for all x > 0,. 
Suppose on the contrary, hence there exists 5 > 0 and N > 0 such that 

$ 1 ( 0 ;) < $ 2 (<fo), Va: > N. 

Thus we have $^" 1 ($i(a;)) < 5x and so $^ 1 ($i(a;))$^ 1 ( < i>i(a:)) < 2 Sx, \/x > N. 
This implies that $i(a;) < $3(2(5), for all x > N. This is a contradiction. □ 

The next Proposition is a main tools that we use in our investigation. 


Proposition 2.6. Suppose that $2 ^ $1 and $2 GA 2 - If E is a non-atomic 
measurable set with p(E) > 0, then there exists f £ L‘ S>1 (X) such that f (f L® 2 (E). 


Proof. Suppose that F C E and a = p(F) < 00 . Since $2 ^ $ 1 , then we can find a 

sequence {x n } in X such that x n | 00 with $ 2 (|#n|) > $i(n|x„|). Let no £ N such 

that a > } and $i(a; n ) > 1 for all n > no- Since p is non-atomic, then there 
n z 

n>no 


exists a measurable set F 0 C F such that p(F 0 ) = J2 n >n 0 n 7 ' Similarly we can find 
a set Fi £ E,Fi C F 0 such that p(F\) = rig 2 . Since p(F 0 — Fi) > 0, we can again 
find F 2 £ E, F 2 C F 0 — E\ such that p(F 2 ) = (no + l) -2 - Repeating the process, we 
find disjoint sets F n G E ,F n C F n _ 2 — F n _ 1 such that p(F n ) = (no + n + l) -2 - Let 
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Ek C Fk,Ek £ E, be chosen such that n(Ek) 
then we have; 


TO)' If we take f = J2 

n= 1 


tx 


oo 

$i(|/|)d/x = ^ / $i(|x n | ) xe , 

n=l Jx 


— '^2$l(\ x n\)v(E n ) + ^2 ^l(|®n|)^ /1 , I 

n=1 n>n 0 ^ n '' 


< OO. 


This means that / £ L $1 (X). Also we have 


®2(\f\)dn = ^2 ®2{\x n \)n{E n ) 

n= 1 

OO 

> ^2 n$i(\x n \)ii{E n ) 

n>no 

oo 

= n ^( F «) 


n>no 

oo 


= y ± = oo. 

' 71 


n>no 


This shows that / ^ L® 2 (E). 


□ 


Now we provide some necessary and sufficient conditions for boundedness of 
multiplication operators between different Orlicz spaces. 


Theorem 2.7. Let u £ L°(E), <E>i, $ 2 , $3 be Young’s functions such that $1 (xy) < 
$> 2 (x) + $3 (y). If u induces a bounded multiplication operator M u : L $ 1 (E) —7 
L $ 2 (E), then 

(i) u{x) = 0 for ^-almost all x £ B. 

(ii) sup |u(A„)|.$^ 1 ( R i- :T ) < 00 . 

nEN 

Proof. Suppose that M u is bounded. First we prove (i). If ji{x £ B\ |u(x)| 7 ^ 0} > 
0, then there exists a positive constant 8 such that p,{x £ B; |u(x)| > <5} > 0. Put 
E = {x £ B] |u(x)| > <5}. Since p(E) > 0 and E is non-atomic, then by Lemma 1231 
and Proposition 12.61 there exists / £ L $ 1 (E) such that / £ L® 2 (E) and so 


= / $ 2(7 


df{x) 


IE 


M u f 


I $2 


-)dp < / $ 2 ( 


IX 


u(x).f(x) 
II M u f ||* 2 


)dp < 1, 
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which is a contraction. Thus (i) holds. Now we prove (ii). For any n G N, put 
fn = )\A n - It is clear that f n G L $1 (E) and || f n || $1 = 1. So we have 


1 s / ‘■(rerf» 

JX II M u f n ||$ 2 

= / $2 H A/r , | )dn 

J A n II M u j n 11$, 

_ T f u ( A n t A ^ 

2( || M u f n ||$ 2 n) - 


Therefore 

mu 


l | M u /„||* 2 


— l ^(A ) ) an d consequently by the proof of Lemma 


iv j. — o crp i 




< 2 || M u f n ||* 2 

< 2||M„|| < oo. 


This completes the proof. 


□ 


Corollary 2.8. Under the assumptions of Theorem \2.7\ if (X, E, fj) is a non-atomic 
measure space, then the multiplication operator M u from L® 1 ( E) into L $2 (E) is 
bounded if and only if M u = 0. 


Theorem 2.9. Let u G L°(E), $i, $ 2 , ^3 be Young’s functions such that $ 1 , $2 G 
A' and $2 0 | f > ^ 1 be a Young’s function. Then u induces a bounded multiplication 
operator M u : L $ 1 (E) — > L $ 2 (E), if 

(i) u(x) = 0 for pi-almost all x G B. 

(ii) ^p^ uA A (i)) ]^ <o °- 
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Proof. Suppose that (i) and (ii) hold. Put sup Tr l/x(A n ) = M. Then 

n£N ®1 W A n» 

for each / £ L $1 (X), we have 


) x 


$2 (M u f)dp = f ®2(u(x).f(x))dfj,+ ( $ 2 (u(x).f(x))dp 

J X£B J X(r\ I At , 

= E 

n£N 

= ^2 ®2(u(A n ).f(A n ))n(A n ) 


IxeAn 


'l£U An 

$ 2 {u{x).f{x))dfj, 


n£N 


= ^[$1 1 ^ A n )-^ 1 1 O $ l (/( A „)) — T 


u{A n ) 


n£N 


V(MAO) 




v (A n 


< b. J2 ^2 0$ 1 1 MA„).$ 1 (/(A„))].$ 2 [—! ,, 




nE)V 


< b. J2 $2 o $i 1 [w(A„).$i(f(A n »].M 

neJV 

< bMA>2 O E 


n£N 


Since || / ||$ x < 1 ,Therefor we get that 


[ & 2 (M u f)dn < bM.<& 2 o $ 1 1 (c) < oo. 

Jx 


This implies that \\M u (f)\\^, 2 < 6M.$ 2 o $ 1 1 (c) + 1 and so M u is bounded. 

□ 


In the sequel we give some necessary and sufficient conditions under which the 
composition operator Ct is a bounded operator between different Orlicz space. 


Theorem 2.10. Let T : X -A X be a non-singular measurable transformation 
and be Young’s functions such that $2 ft $ 1 . If T induces the composition 

operator Ct ■ L $1 (£) -A L <I>2 (S), then 


(i) fo(x ) = 0 for p-almost all x £ B. 
^(7 


(ii) sup r 1 ;gF — 

n€JV 2 1 /j(A„)^(A„)J 


< OO. 


Proof. If p,({x £ B ; fo{x) ^ 0}) > 0, then there exists a positive constant 6 such 
that p({x £ B ; fo(x) > <5}) > 0. Let E = {x £ B; fo(x) > <5}. Since p(E) > 0 and 
E is non-atomic, by Lemma T2. 5 1 and Proposition 12.61 there exists f £ L $1 (£) such 
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that / ^ L $2 (E). Then we have 


oo 


' 


< 


f(x) 


)dn 


Ie 2y II C T f ||$ 2 

L Mxm i£ru, 

f 


lx 


Ct/ ||$2 ' 


)d» 


< 1, 


which is a contraction. Now we prove (ii), for this we set f n = y )xa„- It 

is clear that f n £ L $1 (£) and || f n 11$!= 1. Hence we have 


i > f •,(£¥$-* 


IX 


II C T fn ||$2 








CtL 


n ||$2 


)dn 


$7(-rxw) 

= fo(A„)(&2( ii „ j ;—)MAi 


CtL 


n $ 2 


Then we get that 


$1 (i 


I|Ct/„ 


TUTU 


< 


2 V/ 0 (A n ) M (A r 


r), this implies that 


sup 

new 


$ 2 ( /oUnWr. 1 ) 1 


< 11 Ct 11 < OO 


and so (ii) holds. 


□ 


Theorem 2.11. Let T : X -A X be a non-singular measurable transformation, 
$i, <1>2 £ A', and < I > 2 0< I ) / 1 be a Young's function. Then T induces a the composition 
operator Ct '■ L^ 1 {X) -A L‘ S>2 (X), if 

(i) fo(x) = 0 for p-almost all x £ B . 

(ii) sup $ 2 [ pr ^ {An )) \fo{ A n )ti(A n ) < oo. 
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Proof. Suppose that (i) and (ii) hold. Put sup <f> 2 [ - 1 , 1 —— )}fo(A. n )y,(A n ) = M. 

n€N 

Then for each / G L $1 (X), we have 

/ $ 2 (C T f)dn= [ f 0 (x)fr 2 (f(x))dn + f f 0 (x)fr 2 (f(x))dy 

JX JxTB JxG\ J A~ 


= E / fo{x)$2(f{x))d(J, 

'xeA n 


n£N * 


= E fo(An)Mf(An))^A n ) 


n£N 


= E UA n )$ 2 [$f\^A n ).$f 1 o$ 1 (f(A n ))—^ 


1 


n£N 


$rWn)) 




< fo. E /o(A,)*2 O $- 1 [c M (A„).$ 1 (/(A„))].$ 2 [ 


1 


neiv 


$rw«)) 


]M^n) 


< b. E $ 2 ° 1 [c/r( 2 l„).$i(/(A I1 ))].M 

nSiV 

< bM.fr 2 ° E M(^n)- $ l(/(^n))]- 


n£N 


Since || / ||$,< 1 , then we get that 

I fr 2 {Cr f)dy < bM.fr 2 o $^ x (c) < oo 

•/.Y 


This implies that ||Cr(/)||$ 2 < ( bM.fr 2 o d> 1 1 (c) + 1) and so Ct is bounded. 

□ 


Theorem 2.12. Let T : X -A X be a non-singular measurable transformation, 
fr 2 € A' and fr\{xy) < + $ 3 ( 2 /) and 


(i) T induces a the composition operator Ct '■ I/ 4>1 (S) —> L $2 (S). 

(ii) /rT _1 (5) = 0 and f/iere is a constant M such that 

(iii) /o(x) = 0 for n~almost all x £ B and sup fo(A n ).fr 2 frf 1 { j ) < 00 . 

nG AT 

Then i => ii, iii and ii => iii 


Proof. (i)=> (ii, iii). Since Ct is a composition operator, then for every n £ N and 
y > 0 there exists K, M > 0 such that 


[ fr 2 (y)fo(A n ) - fri(Ky)dfi < M => Vn e N, [$ 2 (2/)/o(Ai) - < M 

JA„ 


Vn G N, y > 0, $ 2 (y)/o(Ai) < M 
Vn € N, $ 2 (*r'(^j))/o(4) < M. 
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By Lemma [2~5l and Theorem 12.101 we get that fo(x) = 0 for ^-almost all x £ B, 
so we have (iii). For the implication (i)=>- ( ii ), since Ct is bounded, then for a M' 
and all n € M, we have 


II C t (xaJ ||l>2<11 c t II • II XA n ||$i 


and so 

$r x (— 

H’i-A-n) [AT 1 (A n ) 

Again, by Lemma 12.51 and Theorem 12.101 we have fo(x) = 0 for /r-almost all x £ B 
and so g.T~ 1 (B) = 0. Finally we show that (ii)=>- (iii). Let n £ N, then 


) < M'du 1 ( ---) 

1 [ n(A n )’- 2 


= M’<S>f l ( 


1 


< M‘ 


fo(A n )ti(A n ) 

■/ 


) 


®2 1 ( jfe ¥ ai )‘ 


Therefore 




and so 


sup $ 2 (fo(A n )).% ( JA J < oo. 


n£N 


>(A n )' 


Hence by basic analysis information we get that sup $ 2 (fo(A n ) < oo and sup $ 3 ( A , ) < 

n£JV nglV W n> 

oo. Finally we conclude that 


sup /o(A„).$ 2 ($ 3 H-rp-)) < oo. 

n£JV iA A n) 


This completes the proof. □ 

Lemma 2.13. Let <f>i ,$2 be Young’s functions and $2 £ y', then for every f £ 
T>(Mq,-i(f 0 f) C L $1 (S) we get that 


\\C T (f)U 2 <6||M*-i (/o) /||* a . 
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Proof. Let / £ C L $1 (£), the by definition of ||.||$ 2 we have 

l|Cr(/)||$ 2 = inf {A; : J < 1} 

= inf{fc: J ' f 0 (x)<j> 2 (^^-)dn < 1} 

= inf {A; : J $ 2 ($ 2 - 1 (/ 0 ( a; )))$ 2 (® )d/i < 1} 
<inf {fe :/^ 2 (^ 1(/ f ))/ ^)d.<l} 
< b M{k/b: f 

■lx k/b 

= *ll«, a -( A) /ll- 

I|Ct(/)II., < '>l|M 1 ->( /o) /ll.,. 


So we have 


□ 


Lemma 2.14. Let $i.$ 2 be Young’s functions and <J> 2 £ A', t/ien /or every f £ 
T>(Ct) Q L $1 (£) we have 

||M $ - 1(/o) /||<c||C t (/)|| $2 . 

Proof. Let / € T>(Ct) Q L $1 (£) and c > 1 for the definition, $ 2 (xy) < c4> 2 (ai)$ 2 (2/) 
, then we have; 

f „ . C(1 / ^2" 1 (/o(®))/(a;)^ J 

ll^ 4 .- 1 (/ 0 )/ll = $ 2(-£- W < 1} 


< inf {A; : J c$ 2 ($ 2 < 1} 

< inf {A’ : J cf 0 {x))$ 2 {^j^-)dn < 1} 

= inf(t: [ c* 2 (< 1} 

i.Y 


k 

(f°T)(x) 

k/c 


)dg, < 1} 


ix 

= cinf{fc/c : j $ 2 ( 

Jx 

= c\\C T (f)U 2 . 

Hence the proof is completed. 

Here we recall a definition that came in [9 . For any F £ £, we put 
Qt(F) = inf {6 > 0 :/jo T~ 1 (E) < bfi(E) (E £ £)}. 


□ 


Then we have the following two lemmas. 
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Lemma 2.15. [9j For any F £ X, we have Qt{F ) = ess.sup X QF fo{x). 


Lemma 2.16. Let $ 2 , $3 he Young’s functions, then we have 



$3 0 $2 1 (fo)dp = inf’iy^ $3 0 $2 1 (QT(F j ))p(Fj)-{Fj} £ Vx}, 
1=1 


where Vx is the set of all partitions of X. 


Proof. Let I = inf {^^$3 o ^ 2 1 (Qx(Fj))p(Fj) : {Fj} £ Vx}- For the partition 

l=i 

{Fj} of X, by using Lemma [2.151 we have 


>x 


$3°®2 1 (fo{x))dp = Y^ 

l=i' 


$ 3 ° $2 ( fo(x))dp 


< ^ $3 ° $2 1 (ess.sup xeFj f 0 (x))p(Fj) 
l=i 

OO 

= 0 ^(QTiFj^niFj). 

l=i 


Then we get that 



$3 0 $2 1 (fo{x))dp < L 


Conversely; let a > 1 be arbitrarily and set 


G m = {x £ X; a” 1 " 1 < $3 o $2 1 (/ 0 ) < a m } 


for each integer m. If {Fj}‘jL 1 is a rearrangement of {Gj }£?=_«> and {x £ X \ 
fo(x) = 0}, then {Fj}JL 1 clearly becomes a partition of X. Therefore by the Lemma 
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12.151 we have 


)MFj) 

3 =1 
oo 

= ^ $3 o & 2 1 {ess.sup x <zF. f 0 (x))n(Fj) 

j =i 

OO 

= ^2 ^3°^2 1 ( ess - su PxGF j fo(x))p(G m ) 

m=— oo 
oo 

< ^ a m p(G m ) 

m=— oo 
oo 

= a ^ a m ~ 1 p(G m ) 

m=—oo 


<a ^ 


$3 ° $2 \fa{x))dfj, 


171 — — OO 



$3 O $ 2 1 (fo(x))dp 



$3 ° $ 2 1 (fo(x))dfl. 


Since this inequality holds for any a > 1, then proof is completed. 


□ 


By using the Theorem 12.31 and Lemma 12.141 we give a necessary condition for 
boundedness of the composition operator Ct- 

Theorem 2.17. Let $2 G A' andT induces a composition operator Ct '■ L $1 (£) —>• 
L $2 (£), then there exists a Young function $3 such that fo G (£). 


Proof, (i) Since Ct is composition operator, by Lemma 12.141 we get that 


M. 


^(/o) 


: L^{ E) Z,* 2 (E) 


is multiplication operator. Therefore by Theorem l2.31 for a $ 3 , we have $ 2 1 (/o) G 

^4' 3 o 4' 1 an( j g0 



^3 0 ^i ($ 2 1 ifo))dfi < 00 


that implies that /o G £'i'3°'i'i°$ 2 ( 5 ]). 


□ 


Theorem 2.18. f 0 G L ® 3 °®2 L (E) if and only if there exists a partition {Fj} c fL 1 of 
E such that ®3 0 $ 2 X (QT(Fj))p,{Fj) < 00 . 


Proof. By Lemma 12.161 it is easy to prove. 


□ 
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Let $(x) = ^ for x > 0, where 1 < p < oo. It is clear that $ is a Young’s 
function and ^(a;) = s y- 1 where 1 < p' < oo and ^ + y = 1. These observations 
and Theorems 12.7112.10112.9112.11112.12112.17112.181 give us the next Remark. 

Remark 2.19. (a) Let M u : V(M U ) C L p ( E) —> L q (Y,) be well defined. Then 

the operator M u from L P (E) into L 9 (E), where 1 < p < q < oo, is bounded 
if and only if the followings hold: 

(i) u(x) = 0 for /i-almost all x £ B. 

(ii) sup neN W ^a]\ < 00 > where 9 _1 + r_1 = P~ l - 

(b) Let Ct : T>(Ct) C L p (E) -a- L q ( E) be well defined. Then the followings 
are equivalent: 

(i) Ct is bounded from L P (E) into L 9 (E). 

(ii) fo(x) = 0 for p -almost all x £ B and sup neW < oo, where 

q~ l + r ^ 1 = p~ l . 

(iii) p o T~ 1 (B) = 0 and there is a constant k such that p o T~ 1 {A n ) p < 
kp(A n ) q for all n £ N. 

(c) Let M u : V(M U ) C L p ( E) -a- L 9 (E) be well defined. Then the operator M u 
from L P (E) into L 9 (E), where 1 < q < p < oo, is bounded if and only if 
u £ L r { E), where p ” 1 + r -1 = q~ l . 

(d) Let Ct : V{Ct) C L p ( E) —>• L q ( E), where 1 < q < p < oo, be well defined. 
Then the followings are equivalent: 

(i) Ct is a bounded operator from L P (E) into L 9 (E). 

(ii) fo £ L «(E), where p _1 + r _1 = q~ x . 

(iii) There exists a partition {Fj}fZi of X such that Qt(Fj)^ p(Fj) < 
oo. 


3. Closed range multiplication and composition operators 

In this section we are going to investigate closed range multiplication and com¬ 
position operators between different Orlicz spaces. First we give a fundamental 
lemma, then we consider the closed range multiplication operator. 

Lemma 3.1. Let (<l>i,\I/;), * = 1,2 be two complementary Young’s functions pairs 
such that T 2 o T )" 1 be Young’s function. If H/i £ A', then ’Ll (xy) < ^(z) + 
^3(^1 ( 2 /)). for all x,y > 0 . 

Proof. If we take $3 = $ 2 ° 'fj’ 1 , then 


H/ 3 (y) = sup{xy — $ 3 ( 0 :) : x > 0 } = sup{xy — T 2 o T 1 1 (ai) : x > 0 }. 
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Hence 

*3(tfi(i/)) = sup{x^i{y) -$ 2 o ^(z) : x > 0} 

and so 

^3(^i(y)) = swp{^i(x)^i(y) - ^ 2 (a:) : x > 0}. 

Since ’Ll £ A', then we have; 

^ 3 (^i(y)) > (xy) - T 2 (:r), 

for all x, y > 0 □ 

Now we characterize closed range multiplication operators M u : L $ 1 (S) —> 
L $ 2 (S), when $ 2 (xy) < $ 1 ( 2 ;) + $ 3 ( 2 /) , for all x > 0 . 

Theorem 3.2. Let i = 1,2,3 be Young's functions such that $1 £ A' and 
$ 2 (xy) < $i(a;) + $3(1/) , for all x,y > 0. If u £ L® 3 ( £), then M u : L $1 (£) — > 
L $2 (£) is a multiplication operator and the following cases are equivalent: 

(a) u(x) = 0 for y-almost all x £ B and the set E = {n £ N : u(A n ) ^ 0} is 
finite. 

(b) M u has finite rank. 

(c) M u has closed range. 


Proof. Let S = S(u). Since M u is a non-zero operator, then p(S) > 0. First we 
prove the implication (a)=>(b). So there exists r £ N such that 

S=\J A n = A ni (J . . (J A nr . 

n£E 

It is clear that the set { XA ni ,..., XA ni } is a generator of the subspace 

{<7 £ L® 2 (X) : g{x) = 0 for y —almost all x £ X \ S} = L® 2 (S). 

Since L® 2 (S) contains M„(L 4>1 (A)), then M u has finite rank. 

The implication (b)=> (c) is obvious. Finally we prove the implication (c)=> (a). 
If p{x £ B : u(x) ^ 0} > 0, then for some <5 > 0 we have p{x £ B : u(x) > 6 } > 0. 
Let G = {x £ B : u(x) > <5} > 0. It is easy to see that M U \ G is a multiplication 
operator from L $ 1 (G) into L® 2 (G). Also, M u \ g (L® 1 (G)) = L® 2 (G), since for every 
measurable subset A of G with y(A) < 00 and /a = ~Xa we have 

/ $1 {f A )dy = [ $i(—^ )dy < $i(^)/x(A) < 00 . 

Jg Ja u{x) 0 

Hence f A = \xa £ L $1 (£) and M u \ G (f A ) = Xa- This implies that M U | G (L $1 (G)) = 
L $ 2 (G) and so M U \ G is invertible and its inverse operator is a multiplication oper¬ 
ator as follows: 

Mi : L* a (G) -)• L^(G), Miff) = -.f. 

u u U 
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By Theorem 12.71 we have = 0 for p— almost all x £ G, which is impossible. 
This contradiction implies that u(x) = 0 for //— almost all x £ B. Now we show that 
E is finite. Clearly S = [J A n and E ^ 0. If we define Mi : L® 2 (S) —> L 4,1 (S') 

nEE u 

once more, similar to the previous case, Mi is a multiplication operator. 

So by Theorem 12.71 



Let C = sup A y .<1> 3 1 (—y)* It * s cl ear that G > 0. Since E ^ 0, and for all 

nEN n n 

n £ E, 1 < <&s(Cu(A n )).p(A n ), Then we get that 


£*<£* 3 (Cu(A n )).p(A n ) 


nEE nEE 




This implies that E should be finite. 


□ 


In the next theorem we characterize closed range multiplication operators M u : 
L $1 (£) —> L 3 > 2 (S), when $i(.Ty) < $ 2 ( 2 :) + $3 (y) , for all x > 0 . 

Theorem 3.3. Let <I>i, $ 2 , $3 be Young’s functions such that <&i(xy) < $ 2 ( 2 ^) + 
$ 3 ( 2 /) for all x,y > 0 and $2 £ A'. If M u : L $ 1 (E) -A- L $2 (£) is a multiplication 
operator and i £ L® 3 (£), then the following cases are equivalent: 

(a) the set E = {n £ N : u{A n ) ^ 0} is finite. 

(b) M u has finite rank. 

(c) M u has closed range. 

Proof. By Theorem 12.71 we have u(x) = 0 for p -almost all x £ B. The implications 
(a)=> (b) and (b)=> (c) is simillar to Theorem 13.21 Now we prove the implication 
(c)=> (a). Let S = [J A n and E 7 ^ 0. Since M u : L' i ’ 1 (S) —» L $ 2 (S) is bounded, 


nEE 

by Theorem 12.71 we have; 
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Let C = sup M(A r j). < L 3 It is clear that C > 0, since E ^ 0 , and for all 


n£AT 


n G E, 1 < ^ ).p(A n ). Therefor we can write; 


E 1 ^ E*^ 

n£E n£E 


c 


'■(An) 


)■!!■{ A n ) 


C 


= S /. 


nCE ‘ 


r (j 

< / < 00 . 
Vx u(A„) 


This means that E should be finite. 


□ 


Here we begin to investigate closed range composition operators between different 
Orlicz spaces. First we give an elementary lemma. 

Lemma 3.4. Let <E>i ,$2 be Young’s functions and T be a non-singular measurable 
transformation on X such that Ct ■ L^{X) —> L^ 2 (X) is a composition operator.If 
T is surjective, then Ct is injective. 

Proof. It is easy to prove. □ 

Now we characterize closed range composition operators Ct ■ L $1 (E) —> L $2 (E), 
when $2 (xy) < 4>i(:r) + $ 3 ( 1 /) , for all x > 0 . 

Theorem 3.5. Let 4 * 1 , $ 2 , $3 be Young’s functions such that $ 2 (xy) < $ 1 ( 2 ;) + 
$ 3 ( 1 /) for all x, y > 0 and T be a surjective non-singular measurable transformation 
on X. If Ct ■ L $ 1 (E) — > L $ 2 (E) is a composition operator, then the following cases 
are equivalent: 

(a) Ct has closed range. 

(b) /o(x) = 0 for 1 L-almost all x £ B, and the set {n £ N : fo(A n ) ^ 0} is 
finite. 

(c) yT~ 1 (B) = 0, and the set Et = {n € N : y,T~ l (A n ) ^ 0} is finite. 

(d) Ct has finite rank. 

Proof. The implications (b)=> (c) and (d)=> (a) are obvious. First we prove the 
implication (a)=> (b). Since T is surjective, By Lemma HTTl Ct is injective and if 
Ct has closed range, then by the Lemma T2.13I we get that has closed 

range. Hence by Theorem [277] we have (fo)(x) = 0 for /i-almost all x £ B and 
{n G N : ( !>f 1 (fo)(A n ) ^ 0} is finite. Hence fo(x) = 0 for /x-almost all x G B and 
the set {n£l: fo(A n ) ^ 0} is finite. 

Finally we show that the implication (c)=> (d) holds. Suppose (c) holds, then 
it is easy to show that Cr(T $ 1 (E)) is contained in the subspace generated by 
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{XT~ 1 (A n )}neE T - Since Et is finite, then Ct(L $1 (£)) is finite dimensional and so 
Ct has finite rank. □ 

Corollary 3.6. If X is non-atomic, under the assumptions of Theorem \3.5\. there 
is not any non-zero closed range composition operator from L* 1 (S) into L ® 2 (£). 

In the next theorem we characterize closed range composition operators Ct : 
L $1 (£) —> L $2 (£), when $i(xy) < <J? 2 (a:) + $ 3 ( 2 /) , for all x,y > 0 . 

Theorem 3.7. Let $ 1 , $ 2 , $3 he Young’s functions such that $2 £ V'P|A 2 and 
*I>i( xy) < d> 2 (a;) + <£> 3 ( 2 /), for all x > 0. If T is a non-singular measurable trans¬ 
formation on X and Ct ■ L $1 (£) —> L® 2 (£) is a composition operator, then the 
followings are equivalent: 

(a) Ct has closed range. 

(b) The set {n £ N : fo(A n ) 7 ^ 0} is finite. 

(c) The set {n £ N : yT~ 1 (A n ) 7 ^ 0} is finite. 

(d) Ct has finite rank. 

Proof. By using Lemma 12.131 Theorem 13.31 and similar method of Theorem l3.51 we 
get proof. □ 

In the net remark we derive characterizations of bounded and closed range mul¬ 
tiplication and composition operators from our main results. 

Remark 3.8. (1) Let multiplication operator M u from L p (£) into L 9 (£), where 

1 < p < q < 00 , be bounded, then the followings are equivalent: 

(a) M u has closed range. 

(b) M u has finite rank. 

(c) The set {n € N : u(A n ) 7 ^ 0} is finite. 

(2) If 1 < q < p < 00 , then for multiplication operator M u from L p (Yi) into 
L q (Yi) the followings are equivalent: 

(a) M u has closed range. 

(b) M u has finite rank. 

(c) u(x) = 0 for //-almost all x £ B , and the set {n £ N : u(A n ) 7 ^ 0} is 
finite. 

(3) Let Ct : L P (E) —>■ L q (S), where 1 < p < q < 00 , be bounded. Then the 
followings are equivalent: 

(a) Ct has closed range. 

(b) Ct has finite rank. 

(c) The set {n £ N : fo(A n ) 7 ^ 0} is finite. 
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(d) The set {neN:/joT l (A n ) 7 ^ 0} is finite. 

(4) If 1 < q < p < 00 , then for composition operator Ct from L p ( E) into L 9 (E) 
the followings are equivalent: 

(a) Ct has closed range. 

(b) Ct has finite rank. 

(c) fo(x) = 0 for /r-almost all x £ B, and the set {n £ N : fo{A n ) 7 ^ 0} is 
finite. 

(d) p o T - 1 (I?) = 0, and the set {n £ N : p o T~ 1 (A n ) / 0} is finite. 

Finally we provide some examples to illustrate our main results. 

Example 3.9. If $ and are complementary Young’s functions. Since < 

i(4>(a:) + \l/(x p_1 )) and < i(4>(ir p_1 ) + ^(x)), for x > 0 and p > 2, then by 

Theorem, \2.2\ the operators M u : L $ (E) —7 L P (E) and M v : L' s ’( E) —7 L P (E) are 
bounded for every u £ L ^ and v £ respectively. 

Example 3.10. Let X = [a, b\ a, b > 1, p > 1 and p be the Lebesque measure. If we 
take 4>i(a:) = e x ” — x p — l, 4> 2 (a;) = ^ and 4> 3 (:e) = (1 + x p )log(l + x p ) — x p . Then 
easily we get that $ 2 (xy) < $ 1 ( 2 ;) + $ 3 (y). Let u{x) = f/x p — 1. It is clear that 
f x $ 3 (u(x))dp < 00 . So by Theorem \2.‘A M u is a bounded operator from L® 1 ( E) 
into T $ 2 (E). 

Example 3.11. Suppose A = (0, a], B = {Inx : x £ N. x > a}, X = A U 
B , <&{x) = e x — x — 1, 4'(a;) = (1 + x)log{ 1 + x) — x and for every C C X, 
p{C) = p 1 (CnA])+p 2 {CnB) such that pi is lebesgue measure and p 2 ({lnx}) = 
for Inx £ B. If we take u(x) = Aj, then M u is not bounded from L®(X) into 
L' Sr (X). Because of for f(x) = x we have: 


( $(f(x))dp= f e x — x — 1 dp 
J x Jx 


x 

= / e x — x — 1 dp + / e x — x — 1 dp < 00 . 
J A J B 


f e x -x-ldp=^(e lnn -lnn-l){\) 

B n>a 

<Ei 


< 00 


n>a 


Since 
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But 





/ *(-)<*/* 
lx X 


[ (H — )log( 1H—) 
Jx X X 


—dp 

x 


f 11 f 11 

> / Zog(l H—)- dp + / PARlogil H—)- dp 

Ja x x J b xx 

= xlog( 1 H—) + Zn(l H—) |S + Y lnn.log{ 1 + -—) + ln( 1 + -— 
a; a; Inn Inn 

n>a 


= OO 


Thus by Theorem \2.A we can conclude that for every Young’s function $' such that 
^(xy) < $(x) + &'(y), then u(x) ^ L $, (E). 

^4Zso by Propositionthere is no non-zero operator M u from L®(£) into LA (£), 
because o/*l>(x) < \I/(x) for x > 0. 


Example 3.12. Suppose A = [1, a], B = {n £ N; a < n < 10a}, <&(x) = e x — 
x — 1, X = A (~l B, ip(x) = (1 + x)log{ 1 + x) and for every C C X, p{C) = 
pi(C C\ A]) + p 2 (C C\ B) such that p\ is lebesgue measure and p 2 ({n}) = 1, n £ B. 
If we take u(x) = p > l, then M u is bounded from V s (£) into L®(E). Because 
°f if f (x) £ L^(£),then; 

[ ^{f)dp= [ (1 + f(x))log(l + f(x))dp < oo, 

Jx Jx 

Since 3>(x) < ’f(x) for x > 0, therefore; 


[ $(u(x).f(x))dp = f e u ^'^ x ^ — u(x)f(x) — 1 dp 
Jx Jx 

< [ (I + u(x).f(x))log(l+u(x).f(x))dp 
Jx 

= [ (! + f(x))log(l + f{x))dp + [ (1 + f(x))log(l + f(x))dp 
J A J B 


IA 

< OO. 


Also by Theorem \3.A M u has not closed range, since p{x £ A-,u(x) ^ 0} ^ 0. But 
if we take u(x ) = 0, x £ X fl Q c and u(x) = x £ X (~l Q, then by Theorem 1 3. A 
M u has closed range. 
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